Abstract. In this paper we introduce and study a family Φ k of arithmetic functions generalizing Euler's totient function. These functions are given by the number of solutions to the equation gcd(x 2 1 +···+x 2 k , n) = 1 with x i ∈ Z/nZ which, for k = 2, 4 and 8 coincide, respectively, with the number of units in the rings of Gaussian integers, quaternions and octonions over Z/nZ. We prove that Φ k is multiplicative for every k, we obtain an explicit formula for Φ k (n) in terms of the prime-power decomposition of n and we study some properties that extend well-known results for ϕ. As a tool we study the multiplicative arithmetic function that counts the number of solutions to x 2 1 + · · · + x 2 k ≡ λ (mod n) for λ coprime to n, thus extending an old result that dealt only with the prime n case.
Introduction
Euler's totient function ϕ is one of the most famous arithmetic functions used in number theory. Recall that ϕ(n) is defined as the number of positive integers less than or equal to n that are coprime to n. Many generalizations Euler's function are known. See, for instance [4, 6, 7, 11, 14] or the special chapter on this topic in [13] . Among these generalizations, the most significant is probably the so-called Jordan's totient function [1, 2, 16] defined as J k (n) := n k p|n (1 − p −k ). In this paper we introduce and study a new generalization of ϕ. In particular, given k ∈ N we define Φ k (n) := card {(x 1 , · · · , x k ) ∈ Z k : 0 ≤ x i < n and gcd(x Clearly Φ 1 (n) = ϕ(n) and it is the order of the group of units of the ring Z/nZ. On the other hand, Φ 2 (n) is the so-called GIphi which computes the number of Gaussian integers in a reduced system modulo n. In the same way, Φ 4 (n) and Φ 8 (n) compute, respectively, the number of invertible quaternions and octonions over Z/nZ. In order to study the function Φ k we need to focus on the functions ρ k,λ (n) := card {(x i , . . . , x k ) ∈ (Z/nZ) k :
which count the number of points on hyperspheres in (Z/nZ) k and, in particular, in the case gcd(λ, n) = 1. These functions were already studied in the case when n is an odd prime by V.H. Lebesgue in 1837. In particular he proved the following result [3, Chapter X]. Proposition 1. Let p be an odd prime and let k, λ be positive integers with p ∤ λ. 
The paper is organized as follows. First of all, in Section 2 we study the values of ρ k,λ (n) in the case gcd(λ, n) = 1, thus generalizing Lebesgue's work. In Section 3 we study the functions Φ k , in particular we prove that they are multiplicative and we give a closed formula for Φ k (n) in terms of the prime-power decomposition of n. Finally, we close our work presenting some properties of the functions Φ k that generalize known properties of Euler's totient function (which are recovered if k = 1) and suggesting some ideas that leave the door open for future work.
Counting points on hyperspheres (mod n)
Due to the Chinese Remainder Theorem, the function ρ k,λ is multiplicative; i.e., if n = p
. Hence, we can restrict ourselves to the case when n = p s is a prime-power. Moreover, since in this paper we focus on the case gcd(λ, n) = 1, we will always assume that p ∤ λ. The following result will allow us to extend Lebesgue's work to the odd prime-power case.
Lemma 1. Let p be an odd prime and let
Proof. It is easily seen that any solution to the congruence
Since a i ≡ 0 (mod p) for some i ∈ {1, . . . , k}, it follows that there are exactly p k−1 possibilities for (t 1 , . . . , t k ) and the result follows inductively.
If p = 2 we have a similar result.
Lemma 2. Let s ≥ 3 and let λ ≥ 1 be odd. Then,
Proof. If s ≥ 3 it can be easily seen that any solution to the congruence x
Since a i must be odd fr some i ∈ {1, . . . , k}, it follows that there are exactly 2 k−1 possibilities for (t 1 , . . . , t k ) and the result follows inductively.
As we have just seen, unlike when p is an odd prime, the recurrence is now based on ρ k,λ (2 3 ). Hence, the cases s = 1, 2, 3; i.e., n = 2, 4, 8, must be studied separately. In order to do so, the following general result will be useful. Proposition 2. Let k, λ ≥ 1 and let n be a positive integer. Then,
, then Lemma 2 leads to the following recurrence relation:
In the following proposition we use this recurrence relation to compute ρ k,λ (2 s ) for s = 1, 2, 3 and odd λ.
Proof. First of all, observe that 
Let us compute ii). We know that R k (4) = M (4) · R k−1 (4). Hence, since the eigenvalues of M (4) are {4, 2 + 2i, 2 − 2i, 0}, we know that
In order to compute C 1 , C 2 and C 3 it is enough to observe that ρ 1,1 (4) = 2, ρ 2,1 (4) = 8 and ρ 3,1 (4) = 24. Hence:
And we get
as claimed.
To compute the other cases note that the eigenvalues of M (2) are {0, 2} while the eigenvalues of M (8) are
Thus, in each case we only need to compute the corresponding initial conditions and constants. The final results have been obtained with the help of Mathematica "ComplexExpand" command.
Counting invertible sums of squares modulo n
Given positive integers k, n, this section is devoted to computing the number of solutions of gcd(x
Hence, Φ k (n) = card A k (n) and, since the union is clearly disjoint, it follows that
The following result shows the multiplicativity of Φ k for every positive k. Theorem 1. Let k be a positive integer. Then Φ k is multiplicative; i.e., Φ k (mn) = Φ k (m)Φ k (n) for every m, n ∈ Z such that gcd(m, n) = 1.
Proof. Let us define a map
Since it is clear that gcd(n 2 λ 1 +m 2 λ 2 , mn) = 1, it follows that (na 1 +mb 1 , . . . , na k + mb k ) ∈ A k (mn) and thus F is well-defined. Now, let (c 1 , . . . , c k ) ∈ A k (mn). Then c
for some λ such that gcd(λ, mn) = 1. Let us define a i ≡ c i (mod m) and b i ≡ c i (mod n) for every i = 1, . . . , k. It follows that (a 1 , . . . , a k ) ∈ A k (m), b 1 , . . . , b k ∈ A k (n) and, moreover, F ((a 1 , . . . , a k ), (b 1 , . . . , b k )) = (c 1 , . . . , c k ). Hence, F is surjective.
Finally, assume that
for some (a 1 , . . . , a k ), (α 1 , . . . , α k ) ∈ A k (m) and for some (b 1 , . . . , b k ), (β 1 , . . . , β k ) ∈ A k (n). Then, for every i = 1, . . . , k we have that na i +mb i ≡ nα i +mβ i (mod mn). From this, it follows that a i ≡ α i (mod m) and that b i ≡ β i (mod n) for every i and hence F is injective. Thus, we have proved that F is bijective and the result follows.
Since we know that Φ k is multiplicative, we just need to compute its values over prime-powers. We do so in the following result. 
Proof. i) If r = 1, 2, 3 the result readily follows from Proposition 3 by simple computation. Now, if r > 3 we can apply Lemma 2 to obtain that
ii) Due to Lemma 1 it can be seen, as is the previous case, that
Thus, it is enough to apply Proposition 1.
Finally, we summarize the previous work in the following result.
Corollary 1. Let k, n be positive integers. Then,
Proof. Just apply the multiplicativity of Φ k and observe that
When k is a multiple of 4, Φ k is closely related to J k/2 . The following result makes this relation explicit. Its proof, that we omit, follows from the previous corollary recalling the definition of Jordan's totient function J k .
Proposition 5. Let k be a multiple of 4. Then,
Moreover, if k/4 is odd, we have that
If k = 4 recall that Φ 4 (n) is the number of units in the ring H(Z/nZ). If, in addition, n is odd then Φ 4 (n) = nJ 2 (n)ϕ(n) which is the well-known formula for the number of regular matrices in the ring M 2 (Z/nZ). Of course, this is not a surprise since it is known that for an odd n the rings H(Z/nZ) and M 2 (Z/nZ) are isomorphic [5] .
Some properties of Φ k
In this section we will present some properties of the function Φ k which are counterparts of known properties of Euler's totient function (recall that Φ 1 = ϕ).
The first elementary properties of
Proof. Note that, if p is prime and r ≤ s, Proposition 4 implies that Φ k (p r ) | Φ k (p s ). Hence, the result follows because Φ k is multiplicative.
The function Φ k is multiplicative, but not completely multiplicative. The following result makes this clear. 
Proof. Let p be a prime and let r 1 , r 2 be positive integers with r 1 < r 2 . If we put r = r 1 + r 2 , Proposition 4 leads to
Thus, it is enough to consider the prime-power decomposition of m and n to complete the proof.
Finally, if we apply Proposition 7 in the case m = n we get the following.
Corollary 2. Let n, k be positive integers. Then,
4.2. Asymptotic growth of Φ k . We now focus on the asymptotic behavior of Φ k (n)/n k ; i.e., on the average number of points in [1, n] k such that its sum of squares is coprime to n. We see that this behavior is independent of k ans, moreover, that it is the same as that of ϕ(n)/n. See [8] for results on the asymptotic growth of Euler ϕ function and its limits. 
Proof. It is enough to apply Corollary 1 together with the known results for ϕ(n)/n.
Divisor sum and Möbius inversion formula.
The following identity is well-known:
It follows from the fact that S is multiplicative and S(p r ) = p r for every primepower p r . In terms of Dirichlet's convolution this identity can be written as S = U * ϕ = N , where the functions U and N are given by U (n) = 1 and N (n) = n for every n ∈ N. Equivalently, using Möbius inversion formula, the previous identity can be written as ϕ = µ * N with µ the Möbius function.
If we now define
we obtain again a multiplicative function whose values over prime-powers are given in the following result.
Proposition 9. Let k be a positive integer. Then,
ii) If p is an odd prime:
Proof. It is a direct consequence of Proposition 4. Now, if σ is de usual divisor function, it is also known that S = U * ϕ = N = µ * σ. This result can be generalized if k is odd in the following way (recall that
Proposition 10. Let k be an odd integer. Then,
Proof. First of all, observe that Corollary 1 implies that
Hence, we have that
4.4.
The average order of Φ k . The average order of ϕ(n) is well-known [17] . Namely,
In fact, the best known asymptotic formula is currently:
If k is odd we can give an easy generalization of this fact.
Let k > 1 be an odd integer. As
it is enough to apply the Abel ′ s summation formula. Thus we obtain
x 1 3 π 2 t 2 + O(x log 2/3 t(log log t) 4/3 ) t k−2 dt = 6 π 2 (k + 1) x k+1 + O(x k log 2/3 x(log log x) 4/3 ).
Conclusions and further work
The generalization of ϕ that we have presented in this paper is possibly one of the closest to the original idea which consists of counting units in a ring. In addition, both the elementary and asymptotic properties of Φ k extend those of ϕ in a very natural way. There are many other results regarding ϕ that have not been considered here but that, nevertheless, may have their extension to Φ k . We now present some ideas in that direction.
5.1. Dirichlet series for Φ k . The Dirichlet series for ϕ(n) may be written in terms of the Riemann zeta function as:
Again, if k is odd, we easily get the following result.
Proposition 11. Let k be an odd integer. Then,
Proof. If k is odd recall that Φ k (n) = n k−1 ϕ(n).
5.2.
Menon's identity. In 1965 P. Kesava Menon [12] proved the following identity:
k|n;gcd(k,n)=1
where d(n) denotes the number of divisors of n. This identity has been generalized in several ways [9, 10, 15] . Our work suggests the following generalization:
gcd(x 2 1 +...+x 2 k ,n)=1
where Γ k (n) is a multiplicative function to be found.
